We prove that a simple finite bipartite cubic non-planar graph contains a clean subdivision of K3.3. Here a subdivision of K3,3 is defined 1o be clean if it can be obtained from K3,3 by subdividing any edge by an even number of vertices. The proof is constructive and gives rise to a polynomial-time algorithm.
i. Introduction
In 1930, Kuratowski [3] published his celebrated theorem stating that a finite graph is planar if and only if it does not contain a subgraph isomorphic to a subdivision of /£5 or K3,3. Kuratowski's theorem has been modified in various ways, As it follows from Kuratowski's theorem and has been proved independently by Menger [4] , a cubic graph is planar if and only if it does not contain (a subgraph isomorphic to) a subdivision of K3,3. The same holds for any 3-connected graph (except Ks), since any 3-connected graph with at least six vertices containing a subdivision of/£5 also contains a subdivision of K3,3 (see [5, p. 138] ). Furthermore, Kelmans [2] and Thomassen [6] proved independently that any non-planar 3-connected graph on at least six vertices contains a cycle with three pairwise crossing chords.
The present paper deals with a modification of Kuratowski's theorem for bipartite cubic graphs. In order to state our theorem we need some terminology.
A bipartition of a graph G is an unordered pair {U, W} such that UU W= V(G) , U N W = 0 and every edge of G has one of its endvertices in U and the other in W.
graph G, and let {U', W'}, {U, W} be the respective bipartitions of G' and G. Then G' is defined to be a clean subdivision of G if U = U ~ n V(G) and W = W ~ n V(G).
We remark that a subdivision of/£3,3 is clean if it can be obtained from /£3,3 by subdividing any edge by an even number of vertices. The six vertices of degree three in a subdivision of K3,3 are called major vertices. (Note that/£3,3 is a clean subdivision of itself.)
Our main theorem reads as follows.
(1.1) A cubic bipartite graph G is planar if and only if it does not contain a clean subdivision of 1<3, 3.
The proof of (1.1) is postponed to Section 3. It should be noted that in (1.1) the condition for G to be cubic cannot be replaced by the condition to have minimum degree three. The problem, whether any 3-connected bipartite non-planar graph contains a clean subdivision of K3,3 as a subgraph remains open. If this is true, then 3-connectedness is best possible.
Terminology and preliminary considerations
All graphs considered here are finite and do not have loops or multiple edges. If G is a graph, then V(G) and E(G) denote the sets of vertices and edges of G, respectively. The degree of a vertex x in a graph G is the number of edges of G incident with x. A graph is cubic if all its vertices have degree three. The edge with the endvertices x, y is denoted by xy. Two edges are said to be independent if their endvertices are pairwise distinct. Two vertices are said to be independent if they are not adjacent.
Paths and cycles are meant as subgraphs. If their vertex set is Xl ..... xk, then we shall briefly write P=xl,...,xk or C=Xl ..... Xk,X1, respectively, are defined in the usual way, i.e. they have no repeated vertices. The length of a path or a cycle is the number of its edges. A k-cycle is a cycle of length k. The girth of a graph G is the length of a shortest cycle in G. A path P has precisely two vertices of degree one in P, these vertices are called its endvertices. Two paths are internally disjoint if they do not intersect except their endvertices.
Obviously, a graph G is bipartite if its vertices can be coloured black and white such that any edge has a black and a white endvertex. The colour of a vertex x is denoted by co(x). For the sake of brevity, a bipartite cubic graph is called bi-cubic.
A subset S¢0 of V(G)UE(G) of a graph G=(V,E), IVI>~2, is said to be separating two vertices x, y E V(G) if G -S, the graph obtained from G by deleting S, is disconnected, and x and y belong to different components of G-S. A separating set S of edges is said to be a k-edge-cut if ISI --= k ¢ ~. A graph G is k-vertex-connected (or k-connected) if for any two independent vertices x, y E V(G) a set of vertices of G separating x and >, has cardinality at least k ~> 1. G is said to be k-edge-connected if for any two independent vertices x, y ~ V(G) a set of edges of G separating x and y has cardinality at least k. G is exactly k-connected or exactly k-edge-connected if G is k-connected but not (k + 1)-connected or k-edge-connected but not (k + 1)-edgeconnected, respectively. A graph G is essentially 4-connected if it is 3-connected and deleting any set of precisely three vertices results in a graph which is either connected or one of its components consists of a single vertex. The following statement is an immediate consequence of (2.1).
(2.2) Any connected bi-cubic graph is 2-connected.
The following two results will be used frequently without explicit reference. (2.3) is not hard to prove. We omit the proof. (2.4) is Menger's Theorem and it can be found in [4] .
(2.3) For any integer k<~3 a cubic graph is k-connected if and only if it is k-edgeconnected. (2.4) A graph G is k-connected if and only if for any two independent vertices x and y of G there are k pairwise internally disjoint paths connecting x and y.
A plane 9raph is a planar graph with a specified embedding in the euclidean plane. It is well-known that the faces of a 2-connected plane graph are bounded by cycles. A cycle of a plane graph is called a facial cycle if it bounds a face. Moreover, a classical theorem of Whitney implies that the facial cycles of a plane embedding of 3-connected planar graphs are uniquely determined. If G is a planar graph, then G denotes a plane embedding of G.
3. Proof of (1.1) Obviously, it suffices to prove that every non-planar bi-cubic graph contains a clean subdivision of K3,3. Suppose (1.1) to be false, and let Go (reductio ad absurdum) be a smallest counterexample, i.e. Go is a non-planar bi-cubic graph that does not contain a clean subdivision of K3,3, and every non-planar bi-eubic graph with fewer vertices than Go contains a clean subdivision of/£3,3. Clearly, Go is connected and has at least eight vertices. Furthermore, it follows from (2.2) that Go is 2-connected.
(3.1) Go is essentially 4-connected.
Proof. Suppose Go not to be 3-connected. Then, by (2.3) and (2.1)(iii), E(Go) contains two independent edges a = xy and b = uv such that Go-{a, b} consists of exactly two components G ~, G" with x, u E V(G~); y, v E V(G"); co(x) = co(v) --black and co(y)=co(u)=white. W.l.o.g. we may assume that the graph H with V(H)= V(G ~) and E(H)=E(G ~) U {xu} is non-planar. Obviously, H is bi-cubic and has fewer vertices than Go. Consequently, H contains a clean subdivision of K3,3. It follows that Go contains a clean subdivision of/£3,3, too, a contradiction. Now suppose that Go is not essentially 4-connected. Then, by (2.1)(iv) E(Go) contains three independent edges e = xu, f = yv and 9---zw such that Go -{e, f, 9} consists of exactly two components G ' and G" with {x,y,z} C V(G'), {u,v,w} C V(G") , co(x) = co(y) = co(z) = white and co(u) = co(v) = co(w) --black. W.l.o.g. we may assume that the graph H' defined by V(H') -= V(G') U {t}, E(H') = E(G') U {xt, yt, zt} is not planar. Obviously, H ~ is bi-cubic with co(t) = black. Hence, H ~ contains a subdivision of K3,3. Since Go is 3-connected, it follows from Menger's theorem that there are three internally disjoint paths in Go connecting x and u. Consequently, there are two disjoint paths in G" connecting {u} and {v, w}. Hence, Go contains a clean subdivision of K3,3, a contradiction. [] Proof. Suppose there are two 4-cycles C 1 and C2 of Go having a vertex in common. Since Go is cubic, Ct and C2 have either precisely three vertices and two edges, or precisely two vertices and one edge in common.
In the first case, it follows from (3.1) that Go is isomorphic to K3.3, a contradiction. In the second case IV(C1)U V(C2) [-6 and there are four edges albl, azb2, a3b3, a4b4 ~ E(Go) with al, a2, a3, a4
and co(al ) ---co(a2) = white, co(a3) = co(a4) = black. If al = a2, then it follows from (3.1) that a3 =-a4, and Go is isomorphic to the graph of the three-dimensional cube, contradicting the non-planarity of Go. Hence, al, a2,a3,a4 are pairwise disjoint, Let H be the graph defined by
Obviously, H is a bi-cubic graph having fewer vertices than Go, and co(as)= black, co(a6) = white. If H is non-planar, then it contains a clean subdivision of K3,3. As it is not hard to see, then Go contains a clean subdivision of K3,3, as well, a contradiction. Thus, we may assume that H is planar. Let H be a plane embedding of H. Consider the faces F and F ~ incident with asa6 in H. F and F' are distinct and do not have an edge e ~ asa6 in common, since otherwise removing albl, a2b2, and possibly e, would result in a disconnected graph, contradicting (3.1).
Let F" and F" be those faces ofHH_ which are incident with al,a2,a5 and a3,a4,a6, respectively. F" and F" are distinct and do not have an edge e I in common, since otherwise removing albl, a4b4, and possibly e ~, would result in a disconnected graph, contradicting (3.1). Hence, there is a cycle C in Go-(Cj U C2) with al,az, a3,a4 E V(C) F i such that every vertex of C is on the boundary of precisely one of the faces , F, F 1I, F "/"
If the vertices al,a2,a3,a4 occur on C in the cyclic order al a2,a3,a4, then Go is planar, a contradiction. Hence, they occur on C in the cyclic order al,a3,a4,a2. Then the subgraph of Go spanned by V(C)UV(CI)UV(C2) contains a clean subdvision of K3,3, a contradiction.
Definition of Go(M). Let C be a chordless cycle of Go such that for arbitrary different vertices u, v E V(C) the neiohbour u I ~ V(C) of u and the neighbour v ~ ~ V(C) of v are different and, if uv f[E(C), then u'v' f{E(Go). Furthermore let M be a 1-factor of C. The graph Go(M) is constructed by the following operation for all edges e =-xy E M: Let x'~ V(C) and y~ V(C) be the neighbour of x and y, respectively. We have x'y I f[E(Go) and the edges xtx, xy, yy are replaced by the edge x'y'. Finally delete all edges of C -M and all isolated vertices. (3.3) Let C be a cycle of Go and M be a 1-factor of C fullfilling the assumptions q[" the definition of Go(M). Then Go(M) is bi-cubic and planar.
Proof. Obviously, Go(M) is a bi-cubic graph having fewer vertices than Go. Suppose Go(M) to be non-planar, then the minimality of Go would imply that Go(M) contains a clean subdivision of/£3,3. But then Go would contain a clean subdivision of K3,3 as well, a contradiction. [] (3.4) girth(G0) = 4.
Proof. At first we show girth(G0)~<6. Suppose girth(G0)~>8 and let C be a shortest cycle of G0. Obviously, the assumptions of the definition of Go(M) are fullfilled for C and an arbitrary 1-factor M of C. Furthermore, Go(M) is bi-cubic, and Go(M) has fewer vertices than Go. Then because of (3.3) each pair has exactly one edge of {e, f, 9} as the common boundary edge.
Claim 1. Go(M) is 3-connected.
To prove this we observe that all 4-cycles of Go(M) belong to one component of Go(M) since otherwise deleting the edges x2x3, x4xs, X6Xl would contradict (3.1) . But then Go(M) consists of exactly one component because Go is connected. Using (2.2) we may assume that Go(M) is exactly 2-connected. Let {el,e2} be a 2-edge-cut of Go(M) such that Go(M)-{el, e2} consists of two components K and K' and let el and e2 be chosen such that IV(K)I is minimal. In Go(M) the edges e~ and e2 are boundary edges of two faces F1 and F2. With (2.1)(iii) and the fact that E(Go(M)) does not contain double edges, it is easy to see that both F1 and F2 are 6-gons and el, e2 are adjacent with a common edge in both K and K ~. Hence, K contains a 2-edge-cut contradicting the minimality of IV(K)t and Claim 1 is proved.
Claim 2. For all v E V(Go(M)) at least one of the three faces F',F",F" of Go(M) havin9 v as a boundary vertex is a 6-9on.
To prove this we assume that Ft, F", that co(v) = black. Let vl, vz, v3 be the neighbours of v in Go(M). Let ul, u2, u3 be the common neighbour of Vl and v2, v2 and v3, v3 and vl, respectively, different from v. If all the faces containing {ul, vl, u3}, {u2, v3, u3} and {u¿, v2, u2} as subsets of their boundary vertices, respectively, are 6-gons, then F', F', F m are separated from the other three 4-gons of Go(M) and then it is easy to see that at least one of these six 4-gons has no boundary edge in {e, f, g}, a contradiction.
Hence, suppose that a common neighbour v4 of ul and u2 being different from v2 forms a 4-gon together with ul, u2, v2. If the face F* containing ul, vl, u3, t.'4 as boundary vertices is a 6-gon, then the face containing u3, v3, u2, v4 as boundary vertices is a 6-gon, too. But this is impossible.
Hence, F* is a 4-gon, and, therefore, G0(M) is isomorphic to the graph of the 3-dimensional cube, and w.l.o.g, let e= vvl. Because of symmetry we may assume {f,g} = {u2v2,u31)4}. Since YlY6 q~E(Go) we have v2 ¢ Y6, and consequently v2 = y4. If ANB ~ ~ then, because of Claim 2, AAB={u,v} with co(u)=white, co(v)= black. There is a path P in Go(M) connecting A\{u,v, yl,y2} and B\{u,v, y3, 
The graph S / spanned by S U {xs,x6} consists of two Xs, X6, y6, v, u, Y5 and y5, xs, x6, y6, z, w, , 3'5 having exactly the path ys,xs, x6, y6 in common. Obviously, D = E(S ~) A E(H) is empty or consists of the edges of one or two disjoint paths. We shall show that in each case S' contains a cycle C and C contains a 1-factor M' such that M ~ •D= (~. If D = ~, then choose C = y5, x5, x6, y6, V, u, Y5 and M ~ = {uy5, x5x6, y6v} .
If the set D forms a path, say W, then (possibly after some variation of W) w.l.o.g. , z, W=u, ys, w or W=u, ys, w, z. Then, we choose C=y5, xs, x6, y6, v, u, y5 and M t = {x5Y5, x6Y6, vu}. IfD forms two paths W and W ~, then w.l.o.g, we may assume W=u,v, W~=w,z or W=u, ys,w, W~=v, y6,z , and in both cases we choose C=ys,xs,x6,y6,v,u, y5 and M ~ = {uys,xsx6, y6v} or M t = {vu, ysxs,x6Y6}, respectively. Hence, in all cases we have a 6-cycle C of Go and a 1-factor M =E ( Proof. GI and G2 are both connected, since otherwise Go would be not 3-connected. Suppose that both, Gl and G2, are not 3-connected. Then by (2.2) they are both exactly 2-connected. Let {el,e2} be a 2-edge-cut of G1 such that K and K' are the components of e2}, and let kl =ad, k2=bcEE(Gl), k3=ab, k4=cdEE(G2) (el,e2} is a 2-edge-cut of Go, a contradiction.
W=w
Hence, k2 E E(Kt). Consequently, {el, e2,k3,k4} is a 4-edge-cut of Gz. We shall show that eh e2,k3,k4 are pairwise independent in G2. Since el, e2 are independent and k3, k4 are independent, we may assume that el and k3 have the common endvertex a. Then the third edge e~ {el,k3} incident with a together with the edges e2 and k4 forms a 3-edge-cut of G2. By (3.1) all three edges e, e2,k4 have the common endvertex d, and Go contains the edge ad, a contradiction. Now let {fl,f2} be a 2-edge-cut of G2. If {fl,f2} CE(K), then all endvertices of k3,k4 belong to one component of G2 --{fl,f2}, and {fl,f2} is a 2-edge-cut of Go, a contradiction.
If fl EE(K) and f2 q~E(K), then K-{fl} is disconnected. Let K l and K 2 be the components of K-{fl}. Let an edge of {el,e2,k3,k4} belong to the set A i if it has an endvertex in K i, i= 1,2. Obviously, A 1 UA2= {el,e2,k3,k4} and A l AA 2 =~. Because fl f~ {el,e2,k3,k4}, the fact that A l U{fl} and A 2 U{fl} are edge-cuts of G2 three vertices ' ' having same as y, ~, b, c the colour the corresponding vertices in Go and adding the edges x~y~, xgy~, x/c', c'b', b'y~, db I, c'd' . Then G* is bi-cubic, and the subgraph of G* spanned by the vertices {y~, b',c'} 0 V(CI ) contains a subdivision of K3.3 with the major vertices {xe, bt,x~j} and {a',xl,ye }. Hence, G* is non-planar, bicubic and contains a clean subdivision of K3,3. We replace in G* the edge x/c' by x/y/U [yl,c'] C2, the edge bly~ by [b~,y~] 
